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iil 
ABSTRACT 


There are two parts in this project. 


In part I, we consider the Riccati initial-value problem: 


ylt)= ay? + by +c, 
y(0) =d, 


where a,b,c, and d are real numbers and ¢ > 0 represents time. We determine conditions 
on the constants a,b,c and d that are necessary and sufficient for y(£) to approach either 


+oo or —oco as t approaches some finite value ty. 


In part Il, we consider blow-up property of solutions for the degenerate semilin- 


ear parabolic initial-boundary value problem: 


Eu, — uge = f(u(Eo,7)) for0<E<a,0<tT <<a, 
u(€,0) = uo(é) > 0 forO << E <a, 
u(0,7) =0 = u¢(a,T) fort > 0. 


Here a,c, and q are constants with a > 0,0 < ao < ow, and q > 0. Also, let & 
be some fixed point in (0,a). It is assumed that f € C?([0,00)), f(0) > 0, f’ > 0, f” > 0. 
We will show that for sufficiently large initial function ug(€) solution of the above initial- 


boundary value problem blows up in finite time and the blow-up set is the entire interval 
[0, a]. 
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Chapter 1 


Introduction 


There are two parts in this project. 


In part I, we consider the blow-up property of solutions for Riccati equation. 
Count Jacopolo Francesco Riccati (May 28, 1676 - April 15, 1754) is famous for intro- 


ducing and researching solvability of the equation that is now known as Riccati equation: 
y(t) = a(t)y? + d(t)y + c(t). (1.1) 


The matrix form of this equation is very important in modern times since it is used 
extensively in design problems in filtering and control [Bit91]. Even though the Riccati 
equation (1.1) is not solvable in general, numerous methods are developed for finding 


solutions for special cases of this equation [PZ03]. 


We consider the Riccati initial-value problem: 


y(t) = ay* + by +c, 


(0) =, (1.2) 


where a,b,c, and d are real numbers and t > 0 represents time. We determine conditions 
on the constants a, b,c,and d that are necessary and sufficient for y(t) to approach either 
+00 or —co as t approaches some finite value t,. We provide exact values for the time ty 
for the cases when 4ac — b” is positive, negative, or zero. We are interested in the first 


occurrence of blow-up. We do not consider behavior of y(t) for t > tp. 


In part IJ, we consider blow-up property of solutions for the degenerate semilin- 


ear parabolic initial-boundary value problem: 


Iu, — uge = f(ulfo,7)) for 0<E<a, 0<TK<a, 

u(€,0) =uo(€)>0 for 0<é<a, 

u(0,7) =O=u_¢(a,7) for 7>0. 
Here a, o, and g are constants with a > 0,0 <a < oo, andq>0. u, means the first order 
partial derivative of u(€,7) with respect to 7, and uge means the second order partial 
derivative of u(é,7) with respect to €. Also let &) be some fixed point in (0,a). Because 
the reaction term f(u(éo,7)) depends on the-tied Sulu &) in (0,a), we say that this 
problem has localized nonlinear reaction. Let £=az, r=a?t*t, D=(0, 1), N=D x (0,T), D 
and Q be the closures of D and © respectively, 29 = &9/a, and Lu = 2% — uge. We can 
see that tp = &9/a is a fixed point in (0,1). Since € = ax, we have uz = du/dx = (du/d€)- 
(d&/dx) = ug-a, then ug = Uz/a. Also, Use = d’u/dz” = (d/dax)-(du/dx) = (d/dz) (aue), 
then we have a- (d/da) (ug) = a- (dug/d€) - (d&/dx) = a- uge -a = a” - ge, then we have 
Uge = Ugz/a?. Now since 7 = a?*t, so uz = du/dt = (du/dr) - (dr/dt) = u, - a2t?, then 


we have u, = u,/a?t?. And since 2p = €)/a, then ) = a: tp. Now we have this: 


Goa i — q_Ut Use 
E"u, —uge = (ax) ae ae 
el UE — Uae 
a? . 


Since € = az, and 0 < € <a, then 0 < az < a, so we have 0 < x < 1. Also, since 
r= att, and 0 <1 <a, then 0 < att <0, s00<t<a/ (alt?) =T. 
So f (u(éo,7)) = f(u(azro, af**t)) = [24-u4(ax9, a9*t) —uge(azo, aftt)]/a” = f (u(zo0, t)) 
inQ,(0<a2<1,0<t<T). Then, (x! — ugz) /a? = f (u(ao,t)), hence x2 — Ure = 
a?  (u(z0,t)). | 


The above problem is transformed into 
Lu=a*f(u(zo,t)) in Q, 
u(z,0)=u(z)>0 on 5B, (18) 
u(0,t) =O0—4u,(1,t)° for O<t<T, 
where T=o/a!t? < oo. We assume that f € C?([0,00)), f(0) > 0, f’ > 0, f” > 0, and 


there exists a positive number r such that 


f(u)2u" for w>1. (1.4) 


The function uo(x) € C?+%(D) is required to satisfy the compatibility conditions u9(0)= 
0 and up(1) = 0, where 0 < a < 1. The solution of the problem (1.3) is said to blow-up at 
x= Zandt = ty if there exists a sequence {(tn,t)} > (Z, ty) and limn—oou(In, tn) > 00. 


The blow-up of u is complete at t, if at t,,u blows up at every point x € D. 


The complete blow-up of the solution of the problem (1.3) with u,(1,t) replaced 
by u(1,t) was investigated by Chan and Yang [CY00]. In Chapter 3, we show existence 
of a unique classical solution of the problem (1.3) for any g > 0. If IT’ < co, then u(zo9,t) 
is unbounded in (0,7). A criterion for u to blow up in a finite time is also given, and a 
nonlinear integral equation in terms of Green’s function is used to show that the localized 


nonlinear reaction leads to the complete blow-up of u for any q > 0. 


Chapter 2 


Riccati Problems with Constant 


Coefficients 


We will start by stating the theorem which is very important for the Riccati 


problems. 


Theorem 2.1. The following is true for the solution y(t) of (1.2): 
1. Let dac— b? > 0. If a> 0, then y(t) — +00, while if a < 0, then y(t) > —oo. 
b b 
2. Let 4ac—b* = 0. Ifa>0, andd> are then y(t) > +00. Ifa <0, andd< 5g then 
5 
y(t) — —oo. Otherwise, y(t) is bounded for any finite t > 0. In particular, if d = ~ 3a? 


a 
then y(t) = d. 
—b+ Vb* — 4ac 


3. ceed <0. Jfa>0andd> = geo then y(t) — +00. Ifa <0 and 

d< ive , then y(t om — —oo. Otherwise, y(t) is bounded for any finite t > 0. 
—b+ eS 

In particular, if d= , then y(t) = d. 


4. Ifa=0, then y(t) is ee for allt > 0. 


Proof. 1. Let 4ac — b? > 0. A solution of the initial value problem (1.2) can be found 
using separation of variables and the table of integrals [LHE06]: 


V4ac — b? ty/4ac — b2 b+ 2ad b 
cog ee ae arctan | —— ee 2) 
2a 2 4ac — b 2a 


y(t) = 


We can find the blow-up time t, by solving the following equation for t: 


tV4ac—b? ( b+ 2ad ) T 
——__——— + arctan | ——————. ] = —_, 
2 V4ac — b2 2 
ty = a z arctan 7 
: V4ac—b* V/4ac— b Aac — b2 | 


Also, 


a < arctan] ass | < = 
2 V/4ac — b2 2° 


This implies that t is always positive and solution y(t) of (1.2) is guaranteed 


to blow-up as t approaches ty. Also, from equation (2.1) we notice that if a > 0, then 


y(t) — +00, while if a < 0, then y(t) - —oo. Changing initial value d cannot prevent 


blow-up from occurring. However, d influences the blow-up time t,. For example, ifa < 0, 


then decreasing d will accelerate the blow-up. If a > 0, then increasing d will accelerate 


the blow-up. 


2. Let 4ac — b? = 0. Using separation of variables, we obtain: 
dy 


ay 


Integration leads to the following solution: 


2ad +b b 


y(t) = a(2—2adt—bi) 2a’ 


To find the blow-up time we will set the denominator of the first term in (2.2) 


equal to 0: 


2 — 2adt — bt = 0, 


GB eeat, 
0 Qad-+b° 
From the inequality 

2 


p= 
ere ce aes 


b 
and from (2.2) we obtain the following: if a > 0 and d > a then y(t) — +00, 


b ‘ 
while ifa <Oandd< ~ 3 then y(t) — —oo, Initial value d is very important since 
a 


certain values can prevent blow-up from occurring. Also, d influences the blow-up time 
ty. If blow-up occurs for some value d, then decreasing d (if a < 0) or increasing d (if 
a > 0) will accelerate the blow-up. Also, if d = _ then y(t) = d satisfies initial- 
value problem (1.2). By the existence and uniqueness theorem for first order initial-value 
problem {[BDH02], (1.2) has a unique solution. Therefore, in this special case y(t) is 
bounded for all finite ¢t > 0. 


3. Let 4dac — b? < 0. Let us notice that if 


fe —b+ Vb? — 4ac 
a 2a ? 


then y = d is the solution of the initial-value problem (1.2). Therefore, in this case 


solution is bounded for all t > 0. Now let us consider the case when 


—b+ Vb? — 4ac 
dx ee Oe 


Using separation of variables and the table of integrals [LHE06], we have: 


dy 
latte: /[# 


1 2 b—- Vb? —4 
pen es ry (eas Aaa =t+Ci, (2.3) 
Vb? —4ac |2ay+b+ Vb? — 4ac 


where C; is a constant of integration. We can find C, substituting the initial condition 
y(0) = d into the equation (2.3). We have: 


OA = am | js 2Qad + b — Vb* — 4ac (2.4) 
1 Jb? —4ac |2ad+b+ 7b? — 4ac| 
We will consider two possible cases: 
dad + b— vib? —dac | | (2.5) 
Qad +b + Vb? — 4ac 
and 5 
2ad ~— Vb+ —4 
ie ey (2.6) 


LL < 
. 2ad+b+4+ Vb — 4ac 
- Let us substitute (2.4) into (2.3) and solve for y(t). In case (2.5), we can omit the absolute 


value symbol: 


1 a 2ay + b— vb* — 4ac Vb? — 4ac 
b* — 4ac 


2ay + b+ Jay +b+ Vb — 4ac 
au 1 ie 2ad + b — /b* — 4dac 
b? — dac Qad + b+ Vb? —4ac } 


In case (2.6), we have: © 


1 iz _ 2aytb— vb? —4ac\ | 
b* — 4ac 


2ay + b+ Jay + b+ Ve — dac 4dac 
‘e 1 in 2ad + b — Vb? — 4ac 
b2 — dac Qad +b+ Vb? — 4ac } 


In both cases (2.5) and (2.6), the solution of the problem (1.2) is given by the following 
formula: 


—bd + dvb? — dac — 2c + (bd + dvb? — dac + 2c)etV?—4ae 


ae 
ud) 2ad + b+ Vb? — 4ac — (2ad + b — Vb? — 4ac)etvb?~4ac 


(2.7) 


To find the blow-up time we have to set the denominator equal to 0: 


2ad + b+ +/b? — dac — (2ad + b — Vb? — 4ac)etV —42¢ = 0, (2.8) 
Solving equation (2.8) for t, we obtain: 


= 1 a 2ad + b-+ vb? — 4ac 4dac 
a b? — dac Qad + b— Qad +b — Jb? — 4ac _Aac 


The blow-up time ¢, must be positive, therefore, we have: 


2ad + b+ vb? — 4ac b2 — 4ac 


>1. 2.9 
2ad+b— 2ad +b — be — 4ac dac ee) 


Let us observe that if equation (2.6) holds, then (2.8) can never be satisfied, 


therefore, there is no blow-up. If equation (2.5) holds, then there are two possibilities: 


(2.10) 


2ad + b — V/b* — 4ac > 0 
2ad + b+ Vb? — 4ac > 0 


or 


2ad + b— Vb? — 4ac < 0 


(2.11) 
Qad + b+ /b? — 4ac < 0. 


Solving (2.10) and (2.9) simultaneously, we obtain conditions on d that lead to blow-up 


in finite time: 


re a/ he — 
Se eG. 


2a 
—b+ Vb? —4ac . 
< i A ifa 


d <Q. 


Solving (2.11) and (2.9) simultaneously, we obtain a contradiction which implies that 


there is no blow-up in this case. We notice that from (2.7) that ifa > 0 and d > 


=f thx) pe ey ee ft eae 
oie, then y(t) + +00. ifa <0 andd< mie, then y(t) + —oo. 


Initial value d is very important since certain values can prevent blow-up from occurring. 


Also, d influences the blow-up time ty. 


4. If a = 0, then the equation is linear. Using separation of variables, we obtain: 


d 
Venera 
by +c 


oe (bd + aes ~e 


Function y(¢) is bounded for any finite time t > 0. 


Example 1 (case 3): Let us investigate the blow-up property of the solution for the 


initial-value problem 


(2.12) 


y!(t) = —4y? + By — 1 
y(0) = d, 


with three different values of d as indicated below. 

First, we notice that a = —4 < 0,b =5,c =—1, and 4ac — b? = —9 < 0. Also, 
(—b + Vb? — 4ac)/(2a) = 0.25. According to the Theorem 1, we expect that solution of 
the problem (2.12) blows up for any d < 0.25 and is bounded otherwise. Solution of the 
problem (2.12) is given by the formula (2.7). 


If d = 2, then we have 


= —2+ 146% 
~ —8 + 143" 


y(t) 


Figure 2.1: example of the case dac—b? <0, a<0, d>(—b+V0? — 4ac)/(2a) 


. This function is bounded for any finite time ¢ > 0. 


10 


If d = 0, then we have 


1- et 
Y(t) = ae 


10 - 
~10 
P 
~20 
=u. 


Figure 2.2: example of the case dac—b? <0, a<0, d< (—b+ vb? — 4ac)/(2a) 


Function y(t) + —oo when t = In(4)/3. 


11 


Example 2 (case 3): 


"(t) = 4y? + 5y +1, 
oa y” + 5y (2.13) 


y(0) =d. 


First, we notice that a = 4 > 0,b = 5,c = 1,d = 0, and 4ac — b? = —9 < 0. Also, 
(—b+ Vb? — 4ac)/(2a) = —0.25. According to the Theorem 1, we expect that solution of 
the problem (2.13) blows up for any d > —0.25 and is bounded otherwise. Solution of 
the problem (2.13) is given by the formula (2.7). If d= 0, then we have 


—2 + 2e% 
vi) = Boe 
30 
20 
j 
10 
- 
0 ecuamnurse guna ses act OEE ce tan ett CEE 
O.1 02 03 04 | 
f 
~10- 


Figure 2.3: example of the case 4ac— 6? <0, a>0, d>(-b+ JE — 4ac)/(2a) 


Function y(t) —- +oo when t = In(4)/3. 


12 
Example 3 (case 2): 


y(t) =y? + 2y +1, 


ea (2.14) 


First, we notice that a = 1 > 0,b = 2,c = 1, and 4ac — b? = 0. Also, —b/2a = —1. 
According to the Theorem 1, we expect that solution of the problem (2.14) approaches 
+oo for any d > —1 and is bounded otherwise. Solution of the problem (2.14) is given 
by the formula (2.2). If d= 0, then we have 


1 


y(t) = rae 


30 


30-- 
20 - 


10+ 


-10- 


Figure 2.4: example of the case 4ac—b*?=0, a>0O, d> —b/2a 


Function y(£) + +oo when t = 1. 
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y(t) = —y? — 2y -1, 


Hoel (2.15) 


First, we notice that a= —-1<0, b=-—2, c=-—1l, and 4ac— b? =0. Also, —b/2a = 
—1. According to the Theorem 1, we expect that solution of the problem (2.15) approaches 
—oo for any d < —1 and is bounded otherwise. Solution of the problem (2.15) is given 
by the formula (2.2). 


If d = —1.5, then we have 


1 
a 
10 ; 
; 
a) ne ae 08 i 
-10 
y 
~20 - 
~30 


Figure 2.5: example of the case 4ac— b*?=0, a@<0, d<—b/2a 


Function y(t) — —co when t, = 1. 


14 
Example 4 (case 1): 
y(t) = 2y? + 8y +2, 
y(0) = d. 
First we notice that a = 2 > 0,b=3,c=2,d=1 and 4ac— b? = 7 > 0. According to the 


Theorem 1, we expect y(t) — +00 since a > 0. Changing initial value d cannot prevent 


blow-up from occurring. 


ut) = Van ae + arctan(v7)| — 


me] Cw 


100 4 


3u 


60 ~ 


20. 


O41 0.2 | 03 


Figure 2.6: example of the case 4ac—b?>0, a>O 


Function y(t) — +co when t > 0. 


15 


y(t) = —3y? + 2y - 2, 
y(0) =4. 


First we notice that a = —3 < 0,b = 2,c = —2,d =1 and 4ac — b* = 20 > 0. According 
to the Theorem 1, we expect y(t) — —oo since a < 0. Changing initial value d cannot 


prevent blow-up from occurring. 


y(t) = VP tan liv + arctan( =) “ . 


~20 4 


~$0 


~100 


Figure 2.7: example of the case 4ac— b?>0, a <0 


Function y(t) — —oo when t > 0. 
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Proof. If b(x,t) = 0, we can apply the strong maximum principle [Fri64] to obtain the 


conclusion immediately. 
For the case b(x, t) being nonnegative and nontrivial (not indentically zero), let 
7 be a positive constant, and 
V(az,t) = u(az,t)+n(14+ gil?) et 
where c is a positive constant to be determined. 


Let us verify V(x,0) > 0 on OQ. We have V(z, 0) = u(x, 0) +n(1+21/?)e® > 0, 
because we know that u(z,0) > 0, and n(1+21/?)e° > 0, thus V(z,0) > 0. 

Since u(0,t) = 0 and (1+ 0)e* > 0, so V(0,t) = u(0,t) + (1+ 0)e* > 0. As 
we know € = az, then we have ug = uz/a. We know u¢(a,7) = 0, for 7 > 0. By the © 
substitution, we get (uz/a) (1,t) = 0, for 0 <t<T, finally we have u,(1,t) = 0. 


We have 
1 se 
V;(z, t) = Un (at) + sne*a!? % 
S dete 
—_ ‘ZL p) 2/2’ 
net 


thus V;,(1,¢) = uz(1,t) + a > 0. 


Let 0Q denote the parabolic boundary 


({0,a} x (0,7) U ((0, a] x {0}) 
of Q. Then V(z, t) > 0 on OO, and Lu — b(z, t)u(zo, t) > 0. 
Now, 
LV — b(2, t)V (xo, t) = L(u(z, t) + n(1 + Va)e“) — d(a, t)V (29, t) 
= ot ut nf + Vale) — Zou n(d t+ va)e) — We, tuto, t) + 0(0 + af!) 


= Lu — b(a, t)u(ao, t) + L(n(1 + Vz)e“) — d(x, t)n(1 + ./Z0)e* 
“> (nl + Vie) — be, tyn( + vane 


xf z)e : ayer 
SE OS) POE) sein ane 
= xin(1 + Va)e%e — zs (2) — W(x, t)n(1 + V/0)e* 


= ne@ (cont + Va) — b(t). + 20) + in) 
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Let s denote the positive zero of 


1 2 
Aq3/2 (1+ xo! Jmax(x,t)<00(Z, t). 


For 2 = 8, 

ca4(1 + V/?) — ba, t)(1+ ai!) REE aT iG a 
> cx¥(1+ /?) -—(1+ ail? )max(e,t)<ob(z, t) + 245 
= cs¥(1+ 5/2) — (1+ xq/)max(e,r)e0d(2, t)+ 
= cs4(1+s/?)-0>0. 


43/2 


For 2 < s, since ex9(1+ 21/2) > 0, and -(14+ oi?) max enb(a, t) > 0, 


+ 43/2 
1 

A3/2 

> cri(1+a¥?)— (14 al? )max(s z<Qb(z, t) + —as 


cx4(1 + 21/2) — B(x, t)(1 + 29/?) + 


Ae — 
For z > s, 


ex9(1 + a?) — b(a, #)(1 + xg!) + 


Ag a 


1 
> cxri(1+ zi/2) —(1+ al? )max(s2yeb(z, t) + 


43/2 
>cest—(1+ xp! )max(es)e0b(2, t) >0. 


(1+ 24/*)max(e.)enb(#,t) 
s@ 
Suppose V (x,t) < 0 somewhere in 2. Then, the set 


If we choose c > , then LV — (a2, t)V (azo, t) > 0 in . 


{t: V(z,t) < 0 for some z € D} 


is nonempty. Let ¢ denote its infimum. Since V(a,0) > 0, we have 0 <@ < T. Thus, 
there exists some z; € D such that V(z1,¢) = 0, and V;(z1,¢) < 0. On the other hand, 
since V(z,t) attains its local minimum at (z1,7), we have Vz_(z1,#) > 0. Since Z is the 


infimum, we also have V(zo,t) > 0. Now we have, 
LV(a1,t) = = ai Vi(2x1,t) — Vw (21, t) <0, 


ti Vi (21, t) — Vow (a1, t) — (a1, t)V (ao, t) < 0, 
0 > 21Vi (21,8) > LV(21,#) — (x1, 8)V(z0,#) > 0. 
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This contradiction shows that V(z,t) = u(z,t)+7(1+2/?)>0,in Q. 
Asn—-0+, u(a,t) > 0. 


3.2 Existence and Uniqueness 


Let w = D x (0, to) for some positive number to, and & be its closure. 
Lemma 3.2. There exists a positive constant tp < T such that the problem (1.3) has an 
upper solution p(z,t) € C*1(a). 
Note: An upper solution y41(z,t) has to satisfy the following: 


Ly — a? f(ui(zo,t))>0 in w 
1(xz,0) >up(z) on D 
Hi,(1,t) >0, t€ [0, to] 
pi(0,t)>0, +t € (0, to). 


Note: p, € C®1(@) means that 1, 141,, H1,, and 4, are continuous on &. 


Proof. Let ky = 1+max,¢p(uo(x)), and kp(> 2a”) be chosen sufficiently large such that 


y = kof (1+ k1) > 2, (3.2) 
° 1 1 ko — 2a 

Oe Sn Tes ee 3.3 
aa nae | ee 


Since 2'/(7-?) > 1 for any 7 > 2, we have 


1 
0<1-—-—~— <1. 
27-2 


Let p(x, t) = 01(x)71(t), where 


61(z) = (1—2z)%e™ + ky, (3.4) 
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Ti — e%k;* a + a f(01(@0)71), 71(0) = 1. (3.5) 


By the existence and uniqueness theorem for first order initial-value problem [BDH02I, 


(3.5) has a unique solution. We note that in D, 


(2) = y(1—2)'(-Le® + (1-2) "ye" 


= —(1—2)?'re™ < 0, 


and the function 6)(x) is decreasing, which implies that 


6, (zx) <1+hk. 


From (3.2), 
a? f (01 (29)71(0 
2 
= aaa #F(6(00)) 
Se iedake| (1 - €)?-2 
2 
a 
> kof (1+ ki) — kB f?2(1 + ki) - 2 ee 
(i) 
27-2 
= F(L + hi) (ba — 2a? — RB F(1 + hs) 
>. 
RI 7-2 i : 
We used the following: (=) eae aie a 
Q7-2 (2%) 27-3 2 


ko — 2a? — e2k2 f(1+ kr) > 0, 
kg ~ 2a? > e?k2 f(1 + kx), 
ko — 2a? 
— > 2, 
kg f(1 +k) 


ave ko — 2a? a. ko — 2a? 
kaf(ltki) keV f(l+k) 


Also, 71(t) is an increasing function that blows up at 


holds by (3.3). 


etky ~° sds 


es.) ee a RS. 
b (1+ ye? + a761(20) Joy (ao) f(s) 
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Let te denote the time such that 


2 
2.2 a f (1(0)r(t2)) _ 
aE | 71(ta) a 0, (3.6) 
and to = min{tg;t,» — «} for some fixed small number 0 < & < t. Since 7)(¢) is an 
increasing function, it follows from (3.2), (3.4), and (3.6) that for any x € [0,¢] and 
t< to, 


Dy — a? f (ua (x0, t)) = 2241, — Hise — af (Hi (20, ¢)) 
= 216; (x)77(¢) — Of (x) 71 (t) — a? f (61 (20) 71) 


= Gic — x)Vet® 4 k)) (« ake oe + o| F(G4(¢o)n)) 


z (va — 2)'-(-1 +4 2°)" ) m1 — a (64 (0)n) 
> —y(l — 217 (-1 + ya7)e%ry — a? f(01(x0)71) 
> (1—2)?*e” ln (0) - 774 (to)22 — = a” F(6x(#0)74(t0)) 0)) 


eye (1— xz) We 
> (1-2)? *e” E ae ee (to)e* — “ esata) | 0, 


From (3.4) we get 


0 (x) —y(y — 1)(1 -— 2)1~?(—1) xe? — y(1 — 2) 1e? — y(1 — 2) *aye™ 
= y(1—2)T*(-1+2?y)e™, 
we obtain 


maxzep |O1(x)| < y(1 + 7)e”. 


Using 7{ > 0, and from (1.4), (3.2), and (3.6) we have f(61(xo)71) > 61(20)71, 
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and for any x € [e, 1], and t < to, 


Lua — a” f(a (20, t)) = 274, — 1g, — a” f (ui (x0, t)) 

= £16; (x)7;(t) — 67 (x)r1(t) — a” f(41 (20, t)) 

= 21((1—2)%e™ + ky) ri() — (41 — 2) 9-1 + 727) ) 7 (8) — 2 f(141 (20, #)) 
> 22((1 — 2)%e™ + ky )ri(t) — (v(L + ve") (4) — 0? f (un (a0, #)) 

> kyr — y(1+ yet — a? f(61(zo)71) 


> kyr, — (1+ jet eeea! — a? f(61(x0)71) 
7 (eat he Oe 
= ety — € 4k; ‘ fen ate a F(6x(z0)n)} 


=0. 


Since 71(0) =1, O<a<1, and kj =1+max,¢5(uo(z)), 


Oi(z4) = (l—a)teP + ky 
= (1—2)%e?¥ +1+max,¢5(uo(z)) > 0. 


So, we have p1(z, 0) = @1(x)71(0) > uo(x). Also, pr, (1, t) = 64 (1)71(t) = 0, since 64 (1) = 
—y(1—1)?~+e? = 0. Then p(0, t) = 1(0)1(t) = ((1- 0)%e + k1)r1(t) > 0. Since Dy — 
a* f(u1(xo, t)) > 0 and Lu = a*f(u(ao,t)), using the Mean Value Theorem (Appendix 
A), we attain 


Diu, —u) = Ly, — Lu 
a” f (u1(z0, t)) — a” f(u(xo, t)) 
a” f'(¢(xo, t)) (ur (x0, t) = u(Zo, t)), 


IV 


I 


for some C(x, ¢) between pi(zo,t) and u(zo,t). By Lemma 3.1, 


u(x, t)(€ C*1(@)) is an upper solution. 


0 


Let p(x) in C30, 1] be an increasing function such that p(x) is 0 for c < 0 and 
1 for z > 1. Also, let 6 be some positive constant with 6 < 9/2, Ds = (6,1), ws = 


Ds x (0,to), Dg and wy be the closures of Dg and ws respectively, 
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0 for x <6, 
pPs= 4 p(¥—1) ford<a< 26, 
1 for x > 26, 


Uos (2) = ps(x)uo(z). 


From 
0 for x < 6, 
Ouas(z) _ Rey ater uo{z) ford <a < 26 
35 52? 5 0 ’ 
0 for x > 26, 


we have Ouo,(z)/06 < 0, and uo, (x) < uo(z). 


Let us consider the following problem, 


Lus =a? f(us(zo,t)) in we, 
ug(z, 0) = uo; (x) (> 0) on. Ds, (3.7) 
ug(6,t) =O=u5,(1,t) for 0<t< to. 


Existence of a classical solution for the problem (3.7) with us, (1,t) = 0 replaced 
by us(1,t) = 0 has been established by Chan and Yang [CYO0]. By using Theorem A.4.1 
(instead of Theorem 4.2.2) of Ladde, Lakshmikantham and Vatsala [LLV85], and Theorem 
5.3 (instead of Theorem 5.2) of LadyZenskaja, Solonnikov and Ural’ceva [LSU67], a proof 
similar to that of Theorem 3 of Chan and Yang [CY00] gives the following result. 


Lemma 3.3. The problem (3.7) has a unique nonnegative solution ug € C2+%1+/2 (55) 
such that ug(z,t) < ui (z,t). 


It is shown in Chan and Liu [CL98] that there exists solution us € C2+%1+/? (135) 
of (3.7). 


Let lims_,ous(x,t) = u(z,t). By using the singular index 3 (cf. LadyZenskaja, 
Solonnikov and Ural’ceva [LSU67]), a proof similar to that of Lemma 2 of Chan and Liu 
[CL98] gives the following result. 
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Theorem 3.4. The problem (1.3) has a unique solution u(x,t) € C(@) NM C*"((0, 1] x 
[0, to]). 


Since 0 < us < i, lims_,ous exists for all (x,t) € &. It is also shown that 
U6,, (Us)t, (Us)a, and (us)ze are equicontinuous (Appendix A) in &. By the Ascoli-Arzela 
Theorem (Appendix A), the partial derivatives of u are the limits of the corresponding 


derivatives of us. Therefore, u(x,t) = lims—ous. 


Let T be the supremum over to for which the problem (1.3) has a unique solution 
u € C(@) N C?!((0, 1] x [0, to]). Then, it has a unique solution u(x,t) € C(D x [0,T)) Nn 
C?:1((0, 1] x (0, T)). We modify the proof of Theorem 2.5 by Floater [Flo91] to prove the 


following result. 


Theorem 3.5. If T' < oo, then u(zo,t) is unbounded in (0,T). 


Proof. Let us suppose that u(xo,t) is bounded above by some positive constant M in 2. 
We would like to show that u can be continued into a time interval [0,T + to] for some 


positive tp. To. do so, let 


os, Puls) 
K =maxfa f(M), oe eens E 


Ka(2kz + 1-2) 
2 
Kakg + Ka — 5K x?, 


W(z) = 


W'(2) = Kkg + 1K — Kz, 
W" (x) = —-K, 


where kg > 1/2. Since LW = 29W,; — Wz, = 27-0 —(—K) = K, we have 


L(W-u) = LW-Lu 
= K-—a’*f(u(zo,t)) 
> a* f(M) — a’ f(u(zo, t)) 
a’ (s000 — F(u(ao,*)) >0 in 2. 


Vv 
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Also, we have : : 


2uo(z) ) 
Mee Dore 4 x(2k3 +1—2) 
W(x) > ee > up(z). 
Also, 


K -0(2k3 + 1-0) % 


W(0) = ; 


0 = u(0, ¢), 
and since kg > a 
W'(1) = Kk3 + $.K — K = K(kg — 0.5) > 0, and uz(1,t) = 0, 


we have W’(1) = K(kg — 0.5) > uz(1,t) for t > 0. 

By Lemma 3.1, W(x) is an upper solution of u(x,t) for 0 <t< T. 

Taking W(z) as the initial function at t = T, we can construct, as in Lemma 
3.2, an upper solution ji1(z, t) of u(x,t) on D x [T,T + to] for some positive to. Thus, u 


can be continued into a time interval [0,T + fo]. This contradicts the definition of T. 


Hence, the theorem is proved. O 


Theorem 3.6. If uo(z) is sufficiently large in the neighborhood of xo, then wu blows up 


in a finite time. 


Proof. Let 
O.(z) = (x-—a2o+6)?(x— 29 —€)?, 
= (x* —2Qxox + x2 — €*)(x? — 2aox + x2 — &) 
= x*+2°(—2z9 — 2x) + 27(x2 — €? + 402 + 22 — &*) 
+ 2(—228 + 2xe?x9 — 2aZ + 2e?x9) + (xh — e202 — c?a2 + €4) 
= 24 +4 23(—429) + x?(6x23 — 2c”) + x(—4a8 + 4e7x9) + (xp — 2e?x2 + €4). 


Also, 


65(x) = 4x9 + 3x7(—4x9) + 2x(6x2 — 2c”) + (—4a3 + 4c? 29), 
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and 


D 
Nor 
—~ 

8 
wer, 

lI 


12a? — 24agx + 1222 — 4e? 
A(3a7 — 6ayx + 3x2 — €7). 
Also, we have 


1 

4 a2’ 1 4 r 
, — = l+r = — ———— 3.8 
T9 + (xo ne €)de2 T2 (xo a ea 2 ,72(0) = 70 > max{ ef? (sa) \ ( ) 


where e is sufficiently small such that 0 < a) —e < 4) +e€ < 1, and r is given in (1.4). 


We note that 
(a) = 4(32? — 6rox + 322 — €*) 
is a quadratic function with vertex at x = 2p, a = 12,b = —24z, and c = (3a? — €)4. 
Now, 


V3 


Of =0 at 2 =m - Ge anda + We, 


65 <Oforze (co- Bem + Fe), 


3 
63 >Oforzeé (r0-<m-%), LE (c+ 2.2046), 


69(z9) = (29 — xo + €)* (a9 — Bo — €)? = 4 
and @)(x) attains its maximum ¢* at x = 20. 


Let po(x,t) = 69(x)79(t). Then for x € (1p —€, 29 + €), since f(u) > ul*",u>1, 
and f(e472) > (e472)'*" provided e*ry > 1, and e417) > e4(1/e+) = 1 from (3.8), since 
4 are” 
xo + € is maximum, 09(x9) = e*, and 74 + (mo + ore” = fap tea”? i 


Lyg — a” f(y12(0, t)) 

= L(62(x)72(t)) — a? f (2(zo, t)) 
= 29(4 — xp + €)?(z — x9 — €)?75 + (—12x? + 24argx — 1202 + 4e*) Ty — a? f(O2(x0)72) ' 
< a(x — xp + €)?(x — ap — €)?74 + 4e279 — a? f (62(29)72) 

< (ap + €)%e474, + 4e2 7 — a? f (e472) 

< (ap + €)%e474 + 4e% 79 — a2A(ltr) 

4 ate? | 


i+r 


= q-4\-! ts i. 
OEE E a (xp + €)%e? mM (xo + ea 2 


=0. 


2t 


For xz € [zp — €, Zo + ¢], f2(z,0) > 0. Also, po(to — €,t) = 0 = po(to + «,t). In 
(3.8), let z= 7)". We obtain a linear equation, 
j 4r a*re’t 
go er t+ 
(xo + €)%e2" (ap + €)2 


For solving this, we start from (3.8) 


Joy 4 are 1+ 
T + ———— 2 = ————T. 
2" (ayo tee” (ao +e)% ? 
2 4r 
a“é dy 
L t = = -—— — rend th / = Ltr h —_ = 
et y = 72,0 (ay Lee and b (ao he en y +ay = by We have da + ay 

byt", 


Now, P(x) = a, Q(z) =b,n =1+r1, andv=y!"! = y7, then since y = uF, 


lL 


we have by!+? = b(u~+)!4" = bu~F~}, and dy/dx = (dy/dv)(du/dx) = —1/ru7*—!du/da, 


ae ee | na 
—-y rT LS ae r = by Tr - 
T dx 


if we divide by —1/r(v)~1/"-1 to both sides, then we have 


d 
cae arv = —br. 


dx 


Now, we have 
p(x) = ef —ardx _ en are 
Dz(e-F *) = —br(e-F*), 
etry = [inl )de = Ye) 46 


erty! = “(e-**) +c, 


esa 20 c 
: ee a + ewe 
4 a? 
Since 79 = y,a = ———_5,,b = ——_~,,, and & = t. 
(zp + €)%e (xo + €)? 
a4 
= (xo + €)9 c 
TQ 4 = Art 
e (ap+e)%e2 
(zo + €)%e? 
gz et t2 art 


q 
+ ce (zo+e) e ; 
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zest t2 4rt <F 
R= Z + ce (zo-+e)Fe2 


4-r-0 
, (ete | 0 
since e =e = 1, now we have 


2 -4r+2 a3 
n= n= |= +4 , 


4 
ip az ett t 
To — + C, 
a aze T+2 
T9 ~ 4 = Cc, 
1 
2 Ar+2 2 4r+2 Art pee 
nae = 28 moron] * 
4 T) 


316 


azc4rt+2 ___4rt 1 q2e4tt2 4rt a 
e (age) Ve2 + — e (zote) Te? 


Therefore, To = { | 


To find the blow-up time, 


2 -4r+2 Art gpd c4P $2 
ave Ps cresireaee 1 ate = 
7) 4 : 
2 Ar+2 art 2 -4r+2 
oe ee eget am: Eg Ge 
a 4? 
2 4r+2 Art = 2-97 Ar+2 
are Scapa + a*tp)€ 
4 Arf ; 
44 art cAr+2 
4rt r = 2,7 Ar+2 
ee. Crea 479 = aa Pare = ee 
a2 carte Thar t+? arrpetrt2 ; 
4 


—Art 1 4 
————— = ln i 
(xo + €)%e? atqh arta 


= Ve2 
Therefore, t = SMe (1 —- ant) 
art, 


Si d= L oi), then ae 
ince 72(0) = 7 > max 4 a, | “aa } p> then arr it? Sai 
xo + €)%e” 4 
Therefore, T2(t) blows up at the time ¢, = mies In (: = are 4 > 0. 


Since 
Lu = a’ f(u(zo, t)) = a” f’(€)u(zo, t), 


where € lies between 0 and u(zo, ¢), it follows from Lemma 3.1 that u(x,t) > 0. Therefore, 


if we choose uo(x) such that uo(x) > we(x,0) on [ro — €,x9 + €], then by Lemma 1 of 
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Chan and Yang [CY00], u(x,t) > o(z, t). Hence, the solution u(x,t) of the problem (1.3) 


blows up no later than t,, whenever uo(z) > po(z, 0). 


O 


3.3 Complete Blow-Up 


Green’s function G(z,t;€,7) corresponding to the problem (1.3) is determined 


by the following system: for x and € in D, and t and r in (—oo, oo), 


LG = d(a — €)d(t-1), 
Glat2,7)=0 for :fi:< 7, 
G(0,t;,7) =0 = G, (1,4; ,7), 


where 6(x) is the Dirac delta function. 


Definition of the Dirac delta function 6: 
We define the delta function, or more accurately the delta distribution [McO97], in R” 
to be object d(x) so that formally 


| 6(x)v(x)dx = v(0) 
R* 


for every test fonction v € CR°(R”). C§°(R”) denotes the space of continuous functions 
with continuous derivatives on R” whose support is a compact subset of R”. The support 
of a continuous function f(x) defined on R” is the closure of the set of points where f(z) is 
nonzero [McO97]. In the one-dimensional case we find H’(x) = 6(x), where the Heaviside 


function of a single real variable is: 


1 if «>0 


H(z) = 
0 if «<0. 


Notice that we can take any number of distributional derivatives of 5(x). Also, we can 
translate the singularity in 5(x) to any point p € R” by letting 6p,(x) = d(x — ps) so that 


a change of variables y = x — yp yields 


[, Suvladae= [ se—p)o(eyde = f 5ty)v(u + w)ae = oH). 
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Lemma 3.7. If h(z,t) is nontrivial (not indentically zero) such that 0 < h(x,t) <1 and 
h(z, t) € C™(R?), then for any finite 0, the degenerate linear parabolic problem, 
Iv=h(z,t) in Dx (0,4), 
v(z,0)=0 on D, (3.9) 
v(0,t) =O0=,(1,t) for 0<t<4@, 


has a unique solution u(z, t) € C(D x [0, 6]) N C?1((0, 1] x [0, 6]). 


Proof. Let 6 be some positive constant such that 6 < 29. We consider the problem, 
Lug = h(z,t) in Ds x (0, 4], 
u(z,0)=0 on Dg, (3.10) 
v5(0,t) =O v5,(1,t) for 0<t< 6. 


We would like to construct an upper solution p3(z,t) € C?1(D x (0, 6]) in the 
form 63(x)7T3(t) for v and all vs given by (3.9) and (3.10) respectively. Let @3(z) = 
ze—*, 65(2) = el -* — gzel-*, 04 (x) = e+ *(x — 2), and € be a fixed positive number 


less than xp, and 
5 = e 41 + €~1)73, 73(0) = 1; 
It follows that 
73(t) = ef "A+ > 0, 
which is increasing and bounded for any t < @. 
Let y3(x, t) = 63(x)73(t). Then, 

03(x)73(t) 

= e7h _ 
(zel-*) (8 F* ™) © C21(D x [0, 6]). 


For any z € [0,¢], and any t < 6, 


M3 (z, t) 


Lug — h(a, t) L(63(x)ra(t)) — A(z, t) 
z4(re'—*)e4(1 + e+) 73 — e4-* (x — 2)73 — h(z, t) 


—el-* (x — 2)73 — 1 

1 
dtm ( —e42- “en | 
el-®73(—e + 2 — 1) 


(1—e)el*73 > 0. 


IV IVI 


IV 


31 


Since 73(t) is an increasing function, we have for any x € (e,1] and any t < @, 


Ly3 — h(z,t) = 22(zel~*)e-9(1 + €7!)73 — e!-* (a& — 2)73 — h(a, t) 


> €Ixel—*rh — rel-® 73 — 1 


2 és ae 
= e%ge!-* 73 —€ i 2: Nee ree 
et 273 


IV 


-4 
2: a € “73 
elze!—® ( 74 — 6-973 — 5 
e*—ZET3 


> €fxel—* (7h — e973 — € 9-1 73) 

= 0. 
Since p3(x,0) = 03(x)73(0) = vel -1 = ze-* > 0, ug (0, t) = 63(0)73(t) = 0, and 
3, (1,t) = 04(1)73(t) = (et? — e!1)73(t) = 0, it follows from the strong maximum 
principle [Fri64] and the parabolic version of Hopf’s lemma [Fri64] that ys(z,t) is an 
upper solution for all vs and v. 

We note that 277 € C%%/?2(Ds x [0,6]), |x ~%h| < 57% for (x,t, us) € Ds x 

(0, 0] x R, and v9,(x) = 0 € C?+2(D,). 


Definition of Holder Continuity: 
If 0 < a@ <1 and w is defined and continuous in a neighborhood U of zg, then we can say 


that u is Holder continuous at zo with exponent a if 


= __|u(z) — u(2o)| 
(24) onarg = SUP Ze Ve a [* <c 


Here zp € Ds = [6, 1). 
Let us prove that 2~? € C™°/2(Ds x (0, 6]). By the mean value theorem, 
flu) — fv) = #*(E)(u—v). Let f(z) = 274, and f(x) = 29", 
[f(€)(z — 20)| 
|-a€-2* (x — 29) 


q 
gant = Zo) < OO. 


l| 


I 


So 
ju(z) — u(zo)| 


|x = zo|~ 
q 


[24] e200 SUPzcU 


7 a 
uPreU Tr — aol™ < 00. 
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By Theorem A.4.1 of Ladde, Lakshmikantham and Vatsala [LLV85] (Appendix A), the 
problem (3.10) has a unique solution vs € C?+%1+2/2(Ds x [0, 6]). 


By the strong maximum principle (Appendix A), vs > 0 on Ds x (0, #]. Let (A), 
(B), (C) hold. Lu < 0 means u > 0, so Lus <0 means vs > 0, on Ds x [0, 6]. 
For 6; < da, 


L(vs, — v6.) = 0 for x € (42,1) 
vg, (x, 0) = vg, (x, 0) for x € (59, 1] 
U5, (42, t) _— Uso (d2, t) > 0, V6, (1, €) - V5o, (1, t) =0, O<t<@. 
By Lemma 3.1, vs, > vg, on Ds, x {0, 6], Thus, lims_,ovs exists, since vs is bounded by 


upper solution 3 and is monotone because v5, > vs,- 


Let v(x, t) = lims_ovs(z,t). A proof similar to that of Theorem 3.5 shows that 
v(z, t) is a solution of the problem (3.9), and v(z, t) € C(D x [0, 6]) NC+((0, 1] x (0, 4]). 
Let’s prove that u(x,t) is unique. Let y, = v1 — ve, and yo = ve — v1. We have 
Lv, = 24u, — v1,, = h(z,t) in Dx (0,9, 
vi(z,0)=0 on D. (3.11) 
v1(0, t) =0= v1, (1, t) for O0<t<@. 


Lue = £202, — V2,, = h(xz,t) in Dx (0,4), 
vo(z,0)=0 on D. (3.12) 
v2(0,t)=O=v,(1,t) for 0<t<8. 

Subtracting equations (3.12) from (3.11), we get 


Ly; = L(v; — v2) =0 
v1 (z, 0) “ v9(z, 0) = 0, 
U1 (0, t) =~ v9 (0, t) =0, 
v4, (1,t) — ve,(1,¢) = 0. 
Subtracting equations (3.11) from (3.12), we get 

Ly = L(v2 — v1) =0 
v9(z, 0) = v1 (x, 0) = 0, 
v9(0,t) — v1 (0, t) =0, 
v2, (1, t) — v1, (1, t) = 0. 


33 


By Lemma 3.1, y; > 0, then vj ~ve > 0, so v1 > ve, and yo > 0, then vg—v 1 > 0, 
so v2 > uz, hence v1 > v2 and ve > uv, thus vy = vg. Therefore, u(z,t) is a unique 


solution. | 


Lemma 3.8. Given any x € (0,1) and any finite time 0, there exist positive constants kq 


(depending on x and 0) and ks (depending on 6) such that 
ka < [ G(a,t;é,r)d& for 0<t<8, 
é G(zo,t;€,r)dE<ks for 0O<t<@. 
Proof. By Lemma 3.7, the problem, 
Lv =1 in D x (0, 6], v(x, 0) = 0 on D, v(0,t) =0 = ve(1,t) for0<t <8, 


has a unique solution v € C(D x [0, 6]) 9 C*((0, 1] x [0, 6]). The adjoint operator L* of 
Dis given by 


D*u = —24 uy — ugg. 


Definition: The operator L* is called the adjoint of L, and is an m-th order linear 
differential operator with continuous coefficients. 
Let Lu = Yyatema(%)D%u, where ag € Cll(M), u € C™(Q), and v € 
CF (Q). Then f,(D%u)udz = (-1)™ [, uD%vdz, where m = |al , 
Leu= Wial<m(—1)*!D*(ag(x)v). 
Therefore, {,(Lu)udx = f, u(L*v)dx [McO97]. 


Using Green’s second identity, we obtain 


1 1 
ota) = f° f Ole, ,t—nagdr = f° f G(z, €, t)d&dr. 
This gives 7 
Ut =| G(z, €, t)dé, 
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corresponding to the problem 


In =0 in Q, 
oe, 0) a>" for. 0 <a <1, 
(0,4) =O=w,(1,t) for 0<t<oo. 


By using the strong maximum principle [Fri64] and the parabolic version of 
Hopf’s lemma [Fri64] (Appendix A), uv; > 0 in (0,1] x [0,4]. Thus for any finite time 0, 


there exists a positive constant k4 (depending on x and 6) such that 
1 
| G(a,é,t)d&é > kg for0<t< 6. 
0 


Since v(z, t) € C(Q) N C?+((0, 1] x [0, 6]), there exists a positive constant ks (depending 
on 6) such that 


1 
/ G(ao, t; €)dé < ks forO <t <0. 
0 


Our next result gives the complete blow-up of the solution u. 


Theorem 3.9. If the solution of the problem (1.3) blows up in a finite time ty, then the 
blow-up set is D. 


Proof. By Green’s second identity, 


t 1 t 
a a’ f (u(xo,T x —T T Iu, x 
u(a,t) = | i f(u(ao,7))G(a,é,t — r)dédr + [ ug (E)G(2, €, td, 


for any t < ty. If the solution of the problem (1.3) blows up in a finite time t), then 
by Theorem 3.5, u blows up at the point zo. We know that maximum of €? is 1, 
maximum of if uo(€)dé is max,<puo(z), (F G(zo0,t;€)dE < ks, for 0 < t < @, and 

ra {fe (xo, €,7) f(u(ao,t—7))d&dr < kga? ape f(u(zo,t —7))dr. It follows from Lemma 
3.8 that for any t < fp, 


1 t 1 
aye [ 1G (20,6, t)uo(6)aé + i i Gao, €,7)f (uo, t — 7))dédr 
t 


< ks (maxczepuo(2 + @ | f(u(zo, t — nar) : 
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Since u(zo,t) + 00 as t > t, , we have 


i f (u(zo, ty — T))dr = oo. 
0 


On the other hand, for any (z,t) € (0, 1] x [0, t,), since ts G(a,&,t)d& > kg for 
0<t<8, 
we have 
1 t pl 
u(x,t) =f eG(a,6,4)uole)ae-+ a? [| Gla, €,1)F(u(wo,t — 7)) dear 
0 Gay +4 
f pl t 
Su i / G(a,&,7)f(u(xo, t — 7))d&dr > ak, | f(u(azo,t — T))dr, 
o Jo 0 
which tends to infinity as t approaches t,. For = 0, we can always find a sequence 


{(Zn,tn)} such that (rn, tn) — (0, tp) and limp_,.ou(%n, tr) — oo. Thus, the blow-up set 
is D. 


O 
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Appendix A 


1. The Maximum Principle [Fri64] 


Consider the operator 


n 


O7u 2 Ou 
Nus >) aij (2) Ons +) bile tae + c(a, t)u — 
i=1 


1,g=l 


Ou 

Ot 

in an (n+ 1)-dimensional domain 2 with the following assumptions: 

(A) N is parabolic in , ie., for every (x,t) € 2 and for any real vector & # 
0, 03a, HEE; > 0; 

(B) the coefficients of N are continuous functions in 2; 

(C) c(z,t) <0 in N. 

The functions u are always assumed to have two continuous x-derivatives and one 


continuous t-derivative in 2. 


Definition A.1. Notation: For any point P® = (x°,t°) in D, we denote by S(P°) 
the set of all points Q in D which can be connected to P® by a simple continuous 
curve in D along which the t-coordinate is nondecreasing from Q to P®. By C(P%, 
we denote the component (int = t°) of DN {t = t°} which contains P®. Note that 
SP") 5.C@%). 


Theorem A.2. Let (A), (B), (C) hold. IfLu>0 (Lu<0) in D and if u has in 
D a positive maximum (negative minimum) which is attained at a point P°(x°, t°), 
then u(P) = u(P°) for all P € S(P°). 


2. Extensions of the Maximum Principle [Fri64] 


3¢ 


Theorem A.3. Let (A), (B) hold. Ifu<0 (u>0) in S(P°),Lu>0 (Lu <0) 
in S(P°) and u(P°) = 0, then u=0 in S(P°). 


. Hopf’s Lemma [Fri64] 


Definition A.4. Let P° = (x°,t°) be a point on the boundary dO. of a domain 2. 
If there exists a closed ball B with center (Z,t) such that B c 1, BN 6A = {P%}, 
and if Z 4 x°, then we say that P® has the inside strong sphere property. 


Lemma A.5. Let P° have the inside strong sphere property. Assume further that, 
for some neighborhood V of P®,u < M in DNV. Then, for any non-tangential 


inward direction T, 


OW Sy pf Ae 0 
a= lima, -oint( 5* ) <0 atP’. 


By a non-tangential inward direction we mean direction pointing from P°® into the 


interior of the ball B whose boundary touches OD at P°. 


. The Mean Value Theorem [LHE06] 


Theorem A.6. Let f be a continuous function on [a,b] that is differentiable on 


(a,b). Then there exists at least one point c € (a,b) such that 


. Parabolic Equations [LLV85] 
Let £ be a differential operator defined by 
£=-N, 


where N is defined on page 36. Let f € C%/“([0,T] x Qx Rx R™,R], that 
is f(t,x,u,y) is Hélder continuous in ¢ and (z,u,y) with exponent a/2 and a, 


respectively, where 0 < a < I. 


38 


Consider the linear second order parabolic initial boundary value problem (IBVP 
for short) 


Lu=Fi(t,z), (t,2) €Qr7, 
(Bu)(t, x) = o(t, az); (t, x) el, 
u(0, x) = go(z), LE Q, 


where B is defined by Bu = p(t, xz)u+q(t, x)du/dv and du/dv stands for the normal 
derivative of u; 2 is a bounded domain; Qr = (0,T) x Q; Tr = (0,T) x O09; and 
De = (Ou) Or1,::., 00] On_,). 


Theorem A.7. Assume that 

(al) ajj,b;,c and F € C2/2,41On, R], c(t, 2) < 0 and £ is strictly uniformly parabolic 
in Qr; 

(a2) p,q € COt+Y/2.1+e(%,, Rj,p and q are nonnegative functions which do not 
vanish simultaneously; 

(a3) OQ belongs to class C2+@; 

(a4) 6 € COFAV/A1+e(R,, R] and op € C?+4(Q, Rj; 

(a5) the IBVP 


Lu=Fi(t,z), (t,x) € Qr, 
(Bu) (t, z) = o(t, x), (t, x) ely, 
u(0,z) =¢o(z), 2EQ, 


satisfies the compatibility condition of order [(1+ a)/2]. 
Then this linear parabolic IBVP has a unique solution u such that u € C1+2/22+4(O.p, Ri]. 


6. The Ascoli-Arzela Theorem [Col88] 


Definition A.8. : Equicontinuity 
A set of functions {7;(s)} is said to be equicontinuous on an interval [0,1 if for 


every € > 0 there exists a number 6 = 6(€) independent of 7 such that 


\h5(s1) — Wj (s2)|<¢€ for 81,82 €[0,l], |s1 —se| <6. 
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Definition A.9. A set of functions {w;(s)} defined on [0,1] is said to be uniformly 


bounded if there exists a constant M independent of 7 such that 


mamy<s<i |Wj(s)| < M. 


Theorem A.10. Let {1;(s)} be a set of uniformly bounded and equicontinuous 
functions defined on an interval (0,1). Then there exists a subsequence of {w;(s)} 


that is uniformly convergent on (0, I]. 
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